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Existence of log canonical closures :

Theorem 1.1 : f :X → -0 projective morphism of
normal varieties , a Q-diimors.tcx.LI ) Jlt

and 5=41 the non - kit loan . Assume there exists

-0° EU for which CX:o) = (Xia) × -00° has a

good minimal motel over 0° any
stratum of S

intersectX? Then (Xia ) hasinm motel over -0.



Canonical bundle formula :

Theorem : Let CX.at be a Jlt pair
and fix→ U

a projective morphism over a normal variety 0.

Then there exists a commutative diagram :

µ
✗

'

→ X

hl It
y -8-0

with the following properties :

2) µ birational
,
h
equi
dimensional fibration , X

'

② - factorial .

toroidal
,
Y smooth ← semistable reduction

b) (✗
'

il
'

) has toroidal singularities ,

µ* ②✗ a [mlkx ' + It ± ②✗ lmckx to)) Fm .

c) J g- reef over 0 , B > o
sot we can write

hx-llxildmlkxitdly-lecfmlk-cto.BA



Canonical bundle formula :
CX.LI ) to pair

. +211 -MMP

✗ - - - → X
' Kx ' +4'

semi ample
over V.

IceI
Nxt + ~ •ie 0 .

-0<-7

E is a log Calabi-Yau fibration .

Hit no 8*1 Lt ) ,
Lie ample ② - divisor .

☒ : Can we write Ly as a log pair ?
Ly = He +d-r in some meaningful way ?

Expectation : We can find a lo pair
Gallet

such that Kita '

na E* Chaetae )

×
"

related log canonical centers .

t.se



Canonical bundle formula :

✗
' Haith '

~ one 0

41 Then we can find J which is a

net b- divisor .yzos.LY
(T.IT I has Ic

sing
and

HxitL '
vote

* (Kitty + J )

I [
measures the measures variation

sing fibers in in moduli of the

fiberscodimension 1 of 4 .



Corollary 1.2 (Existence of Ic closures ) :
Let V0 be an open

subset of a normal gp

variety V. f ? ✗
•
→ V0 be a projective morphism

and
,
do ) be 2 log canonical pair .

Then , there exists f- :X - V projector . and 2 to

pair
CX >4) s.to

. ✗0=11×0-0-0 is an
open

and °
= 1×0

.

Proof : f ? X'→ V projective .
4° = closure of dint

XT Is X ' log resolution of

1×0 , '

Uj
"

(0-1001) Write

Ctclxo ) * Cfxxo +40 ) = Ngo + IT - f- °

IT
effective with

no comon comp .

where X→ = trick )
.



We have a commutative bagram :

☒
°

→ I - -→ X

tht f II. I
✗
•

→ ✗
o

-o

= closure of IT in ☒
.

EI.LT) and the morphism I
→ ✗

°

satisfies

the assumption 1.1 over X?

Therefore , we can tare (Xi ) to be the

ample motel of (Iid ) over X ? We have that .

CXcd ) ✗ now = Cx:o) .

☐
.



Semiofable pairs &
reduction :

A morphism j : IX.d)→ 0 from a k pair
to a smooth arise is said to be semistable

if for all po -0 , we have that IX. supp kilt Xp )

is log smooth & Xp - f-
'

Cps reduced .

Semistable reduction : ( Toroidal embeddings 73
' )

.

✗ normal over Q , f :X→ C flat to a smooth come

Theorem : There exists a finite morphism C'→ C

from C
' smooth and a projective revolution ✗

"
→ XL

"

✗x.cc
'

such that X
"

C satisfies the following .

Cs ) (f " )
*
Cc ' ) U Excg ) is snc for every

DEC !

a) ( d- a) * (d) is reduced for every
C' c- C!



Semistablc reduction :

resolution

f*co , --mxi""✗← ×
'

✓ KEELEY
"

t¥ -
thstm
ET c

"



Corollary 1.4 : -0 smooth curve .

f-
°

:X
.

→ V affine finite type to morphism

Them there exists a finite dominant base change
② : Ñ →U and a projective morphism.

Ctcs

f- :X→ U at :

✗
°
✗oÑ c- ✗ and f /* ✗og

= f. ✗v0 -

E- xc
Proof : j : X

'

- -0
. D- : E- oh

,

fare a log resolution ☒ Is LIC , ☒
'

1×-0 )

f- , CI , Exert ) → Ñ is semiotabk

Denote
°

= to - ' CIT ,
Ñ° has to

sing .



We have a commutative diagram :

☒
°
- I - -

- - s ✗

Ñl×→| t.it
→ I ' I-0.0.

Write (171×0) Hyo = H×→ + E - F .

LT : _- closure of E in I.

(☒ ELT ) is a family of semistable pans over Ñ .
.

II. LT + X-p ) is Jlt for every pot
.

We can apply Theorem 1.1 to CXTLTJ over I '

where we choose the open
set to be I?

✗ = Pro; RCI /I
'

,
HE +5 ) .

The inbred map ✗ → Ñ is an he morphosis .

☒ °

is les then R is an isomorphism over Ñ.

☐



Corollary 1.5 : f-
°

: ✗° → V0 projector

(X:o) Ic , Uop is a germ of a smooth come

V1 Ipl - o_0, Kyoto is f- ample .

Then
,
there exists 0 : 5-→ 0 dominant

base change , CX - G) log canonical
,

IX.d)→ Ñ s.tk/x+d is ample over Ñ

and the restriction of CX.at to the prermye
0
"

(V0) is isomorphic to fix;d°)xcÑ .



Theorem 1.6 : Let j :X→ 0 be a projective
morphism between normal varieties

,
and I

"

effective ② - divisors on X such that :

1) (X , t
" ) is ② - factorial Ic ,

a) (X ,D
" ) is Jlt , and {24--214+9 + . - tsr .

= Ihclm .

3) Hx + +
"
noooo.

Then , the MMP with scaling for Kita over 0

that terminates either wrth oragmm
.

Idea : does not interact the general fiber .

B. (XIV , Nita" ) is Jj -

✗← ✗
'
- -
- → z - - - s -2 ,

'

-
- - s Zz

'
- - - s

.
. .

-→ 2-in

d t d d1
Y - → Yi - - - s Ti -

. . >
. . .

- - → TN'

a-c-

HytB+J
Hz 'm + z 'm semrwrpk
over V.



Corollary 1.8 : Let j:X→ Z be a flipping
contraction for a log canonical pair IX.d) .

drmoornl non -hell.Then the flip exists . cafe
-

✗* fH×tLtI/m I = kytdetI-clmts.it . - tsr

~ Q,
2- 0.

⑥- faeboml K-citditsit.rs i.
↳

(Y, dy ) - - → (Tidy . ) semisimple
over z .

dlb flumodification |
(✗ id ) (Mdt )

- Ckx +d) ample over Z .

p=↳ ✓ Ie1-mlkxi-LIIZCX.ltIlm)

Etc

✗ * (hated ) = Hythe +sit . - + Sr

# ☐
-

foot minimal motel over Z .


